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Indefinite integral


Definite integral 


Equation of a curve


Area under a curve


Generated volume 

Part 1
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∴ ∫ 6x dx = 3x2

= 3(2x + 2)3

∴ ∫ 18(2x + 2)2 dx 

= 18(2x + 2)2

dy
dx

= 9(2x + 2)2(2)

y = 4x3

dy
dx

= 12x2

d(A)
dx

= B

∴ ∫ B dx = A
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∫ 5 dx = 5x − 3

∫ 5 dx = 5x + 2

∫ 5 dx = 5x + 0

∴ ∫ 5 dx = 5x + c
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= 12x + c = x + c
= c
= 0x + c

= 12(   x0+1

0 + 1 ) + c

= ∫ 12  x0 dx

= (   x0+1

0 + 1 ) + c

= ∫  x0 dx

= 0(   x0+1

0 + 1 ) + c

= ∫ 0 x0 dx
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7

=
x4

4
+ c

=
4x3

3
+

5x2

2
+ c

=
2
3 ∫ x−2 dx

= −
2
3x

+ c

=
2
3 ( x−2+1

−2 + 1 ) + c

= ∫ (x2 − xy + 2x − 2y ) dx

=
  x3+1

3 + 1
+ c

=
2
3 ( x−1

−1 ) + c

=
4 x2+1

2 + 1
+

5 x1+1

1 + 1
+ c

=
x3

3
−

x2y
2

+ x2 − 2yx + c

=
x3

3
−

x2y
2

+
2x2

2
− 2yx + c

=
x2+1

2 + 1
−

x1+1y
1 + 1

+
2x1+1

1 + 1
−

2yx0+1

0 + 1
+ c
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dx =
1
3

 du

du
dx

= 3let u = 3x − 5
By using sub. method (chain-rule):

= (3x − 5)10

30
+ c

= (3x − 5)10

10(3)
+ c

By using formula:

∴   = (3x − 5)10

30
+ c

=
u10

30
+ c

=
1
3 ( u10

10 ) + c

=
1
3 ∫ u9 du

= ∫ u9 dx
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= −
3

4(x − 3)2 + c

= −
3

(2(x − 3))2 + c

= −
3

(2x − 6)2 + c

= − 3(2x − 6)−2 + c

=
12(2x − 6)−2

−2(2)
+ c

= ∫ 12(2x − 6)−3 dx
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∴ y = 5x3 + 2x2 − 3x + 2

c = 2
2 = − 5 + 2 + 3 + c
2 = 5(−1)3 + 2(−1)2 − 3(−1) + c

y = 5x3 + 2x2 − 3x + c ; ( − 1, 2)

y =
15x3

3
+

4x2

2
− 3x + c

dy
dx

= 15x2 + 4x − 3

y = ∫ (15x2 + 4x − 3) dx



Webinar_18/10/21_MFRWebinar_18/10/21_MFR
11

= − 6x + 2

∴  
dy
dx

= − (6x − 2)

1
6x − 2

×  
dy
dx

  = − 1

MN × Mt = − 1

c = 10 
2 = − 12 + 4 + c 
2 = − 3(2)2 + 2(2) + c 
y = − 3x2 + 2x + c ; A(2, 2)

∴ y = − 3x2 + 2x + 10

y = −
6x2

2
+ 2x + c

y = ∫ (−6x + 2) dx
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= [−
x2

2
+ 6x]

3

1

= 8

=
27
2

−
11
2

= (−
(3)2

2
+ 6(3)) − (−

(1)2

2
+ 6(1))
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=
40
3

 @ 13. 33

= ( 64
3

− 32 + 24) − 0

= [ x3

3
−

4x2

2
+ 6x]

4

0
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=
32
3

  @ 10.67

=
5
3

+ 9

= [(−
1
3

+ 2) − 0] + [(−
64
3

+ 32) − (−
1
3

+ 2)]

= [−
x3

3
+

4x2

2 ]
1

0

+ [−
x3

3
+

4x2

2 ]
4

1

=
32
3

  @ 10.67

= (−
64
3

+ 32) − 0

= [−
x3

3
+

4x2

2 ]
4

0
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= 0

= ( 1
12

+ 1) − ( 1
12

+ 1)

= [ x3

3(4)
+ x]

1

1



Webinar_18/10/21_MFRWebinar_18/10/21_MFR
16

=
255
4

  @  63.75

=
256
4

−
1
4

= [ x4

4 ]
4

1

= −
255
4

  @  − 63.75

=
1
4

−
256
4

= [ x4

4 ]
1

4

Shown ‼!

∴ ∫
4

1
x3 dx = − ∫

1

4
x3 dx
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Area under curve 
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For a region bounded by the curve and the y-axis,

• If the region is to the left of y-axis, then the integral value is negative.

• If the region is to the right of y-axis, then the integral value is positive.

• The areas of both regions are positive.

For the value of the area bounded by the curve and the x-axis, 

• If the region is below the x-axis, then the integral value is negative. 

• If the region is above the x-axis, then the integral value is positive. 

• The areas of both regions are positive.

19
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Area between the curve and the x-axis
Find the area for each of the following shaded regions.

20

= ∫
6

3
2x2  dx

Area = ∫
6

3
y  dx

= 2∫
6

3
x2  dx

= 126

=
2
3 (63 − 33)

= 2[ 
x3

3
 ]

6

3
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Area between the curve and the x-axis
Find the area for each of the following shaded regions.

21

= 9
= −9

= −
25
3

−
2
3

= ( 
53

3
− 3(5)2 + 5(5)) − ( 

23

3
− 3(2)2 + 5(2))

= ∫
5

2
y dx

Area

= ∫
5

2
(x2 − 6x + 5 ) dx

= [ 
x3

3
−

6x2

2
+ 5x ]

5

2



Webinar_18/10/21_MFRWebinar_18/10/21_MFR

Area between the curve and the x-axis
Find the area for each of the following shaded regions.

22

= 54
= −9  + 45

=  18 − 27  + [ 36 − (−9)]

= ( 
2(3)3

3
− 3(3)2) − 0 −    

2(6)3

3
− 3(6)2 − ( 

2(3)3

3
− 3(3)2) 

=  [ 
2x3

3
−

6x2

2
 ]

3

0

  + [ 
2x3

3
−

6x2

2
 ]

6

3

= ∫
3

0
y dx + ∫

6

3
y dx

Area

=  ∫
3

0
(2x2 − 6x)  dx  + ∫

6

3
(2x2 − 6x)  dx
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Area between the curve and the y-axis
Find the area for each of the following shaded regions.

23
y = 0,  y = 2,  y = 5
y(y − 2)(y − 5) = 0
At y − axis (x = 0)

= y3 − 7y2 + 10y
= y3 − 5y2 − 2y2 + 10y
= (y2 − 2y)(y − 5)

x = y(y − 2)(y − 5)

= ∫
2

0
x dy +    ∫

5

2
x dy 

Area

=
253
12

=
16
3

+   −
63
4

 

= [ ( 
16
4

−
56
3

+ 20) − 0 ] +  [( 
625
4

−
875
3

+ 125) − ( 
16
4

−
56
3

+ 20) ] 

=  [  
y4

4
−

7y3

3
+

10y2

2
 ]

2

0

+  [ 
y4

4
−

7y3

3
+

10y2

2 ]
5

2

 

= ∫
2

0
(y3 − 7y2 + 10y)  dy +    ∫

5

2
(y3 − 7y2 + 10y)  dy  
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Area between the curve and a  straight line.
Find the area for each of the following shaded regions.

24

Recommended Method 

=
9
2

=
27
3

−
9
2

= [( 16
3 ) − (−

11
3 )] −

9
2

= [(8 −
8
3 ) − (−4 +

1
3 )] −

9
2

 

= [4x −
x3

3 ]
2

−1

   −
9
2

= ∫
2

−1
(4 − x2) dx − ( 1

2
× 3 × 3)

= ∫
2

−1
y dx − ( 1

2
× b × h)

= Area under curve − area of triangle
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Area between the curve and a  straight line.
Find the area for each of the following shaded regions.

25

=
9
2

Alternative Method 

= ∫
2

−1
(−x2 + x + 2) dx

= ∫
2

−1
(4 − x2 + x − 2) dx

= ∫
2

−1
(4 − x2 − (−x + 2)) dx

= [ 
10
3

− (−
7
6 ) ]

=  [−  
x3

3
+

x2

2
+ 2x ]

2

−1

= (−
8
3

+
4
2

+ 4) − (−
1
3

+
1
2

− 2)
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Area between the curve and a  straight line.
Find the area for each of the following shaded regions.

26
=

7
3

=
1
3

(8 − 1)

=
1
3

 [  y 3
2 ]

4

1

=
1
2

 [ 
2y

3
2

3
 ]

4

1

=
1
2 ∫

4

1
y

1
2  dy

= ∫
4

1 (y
1
2 −

y
1
2

2 ) dy

= ∫
4

1
y

1
2   dy − ∫

4

1

y
1
2

2
 dy

= ∫
4

1
y  dy − ∫

4

1

y 

2
 dy

y = x2

x = y

y = x2

y = 4x2

x =
y

2

x =
y
4

y
4

= x2

y
4

= x2
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Area between two curves.
Find the area for each of the following shaded regions.

27

Integrate with respect to x − axis

=
5
12

=
3
4

−
1
3

= ( 3
4

(1)
4
3 −

(1)3

3 ) − 0

= [ 3x
4
3

4
−

x3

3 ]
1

0

= ∫
1

0
 (x

1
3 − x2) dx

= ∫
1

0
 x 1

3   dx − ∫
1

0
x2 dx

= ∫
1

0
  3 x  dx − ∫

1

0
x2 dx
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Area between two curves.
Find the area for each of the following shaded regions.

28

Integrate with respect to y − axis

=
5
12

=
2
3

−
1
4

= ( 2
3

(1)
3
2 −

(1)4

4 ) − 0

= [ 2y
3
2

3
−

y4

4 ]
1

0

= ∫
1

0
 (y

1
2 − y3) dy

= ∫
1

0
 y 1

2   dy − ∫
1

0
y3 dy

= ∫
1

0
  y dy − ∫

1

0
y3 dy

x = y3

y3 = (  3 x )
3

y = 3 x

x = y
y = x2

y = x2
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Generated Volume 

29
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The generated volume of a region revolved at the x-axis or the y-axis


The generated volume V when a region 
bounded by the curve y = f(x) enclosed by 
x = a and x = b is revolved through 360° 
about the x-axis is given by: 


30



Webinar_18/10/21_MFRWebinar_18/10/21_MFR

The generated volume of a region revolved at the x-axis or the y-axis


The generated volume V when a region 
bounded by the curve x = g(y) enclosed by 
y = a and y = b is revolved through 360° 
about the y-axis is given by: 


31
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=
378
5

π

= π[ ( 128
5

+ 32 + 18) − 0 ]
=  π[ 

4x5

5
+

12x3

3
+ 9x ]

2

0

= π∫
2

0
(2x2 + 3)

2
  dx

= ∫
2

0
π y2  dx

Volume

= π∫
2

0
(4x4 + 12x2 + 9) dx
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=
18
5

π

= π[ 
38
15

− (−
16
15 ) ]

= π[ ( 1
5

+ 1 +
4
3 ) − (−

32
5

+ 16 −
32
3 ) ]

=  π[ 
x5

5
+

4x4

4
+

4x3

3
 ]

1

−2

∴ y2 = x4 + 4x3 + 4x2

y2 = (x2 + 2x)2
y = x2 + 2x

y = x(x + 2)

V = ∫
1

−2
π y2  dx

Volume

= π∫
1

−2
 (x4 + 4x3 + 4x2)  dx
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A =   ∫
0

−2
 y  dx    +  ∫

1

0
 y  dx

Area:

V = ∫
1

−2
π y2  dx

 Volume:
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y =
6
x

;  x =
6
y

= ∫
4

1
π x2  dyVolume

= 27π

= − 36π(−
3
4 )

= − 36π( 1
4

  − 1)

= 36π[ 
y−1 
−1 ]

4

1

= π∫
4

1
 ( 6

y )
2

  dy

= 36π∫
4

1
y−2  dy

= 36π∫
4

1
 

1
y2

 dy
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∴ k = 3

k = 3 ,  k = 15
(k − 3)(k − 15) = 0
k2 − 18k + 45 = 0
45 = 18k − k2

45
2

= (9k −
k2 
2 ) − 0

45
2

= [9y −
y2 
2 ]

k

0

x2 = 9 − y
y = 9 − x2

V = π ∫
k

0
x2  dy

Volume

45
2

π = π∫
k

0
( 9 − y ) dy
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a) Generated Volume = Vol . by Curve − Vol . of Cone
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x2 = 4y

y =
1
4

x2

= ∫
4

0
πx2 dy −

1
3

πr2h

= π∫
4

0
x2 dy −

1
3

π(42)4

=
32
3

π

= 32π −
64
3

π

= 4π(8 − 0) −
64
3

π

= 4π[ y2

2 ]
4

0

−
64
3

π

= π∫
4

0
4y dy −

64
3

π

a) Generated Volume = Vol . by Curve − Vol . of Cone
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b) Generated Volume = Volume Cone − Volume by Curve
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b) Generated Volume = Volume Cone − Volume by Curve

=
128
15

π=
64
3

π −
64
5

π

=
64
3

π −
π
16 ( 1024

5 )

=
64
3

π − [ 
π
16 ( (4)5

5
− 0) ]

=
64
3

π −  
π
16 [ 

x5

5
 ]

4

0

 

=
64
3

π − ( π
16 ∫

4

0
x4 dx)

=
1
3

π(42)(4) −  π∫
4

0 ( x2

4 )
2

 dx 

=
1
3

πr2h − ∫
4

0
πy2 dx
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Volumes of revolution comparison 
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=
16
3

π

= 32π −
80
3

π

= 32π − π[24 − (−
8
3 )]

= 32π − π[(9 + 18 − 3) − ( 1
3

+ 6 − 9)]

= 32π −  π[ 
x3

3
+ 6x +

9x−1

−1
 ]

3

1

 

= π(42)(2) − (π∫
3

1
(x2 + 6 + 9x−2)  dx)

= πr2h − π∫
3

1
y2 dx

∴ y2 =  x2 + 6 + 9x−2 

y2 = (x +
3
x )

2
y = x +

3
x
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Selected Past year Questions Part 2
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MN =
1
2

MN × − 2 = − 1
MN × Mt = − 1

= − 2

dy
dx

= −
1
2

(4)

At (4 ,  12) ;  

(a) 
dy
dx

= −
1
2

x

y − 12
0 − 4

=
1
2

i) D(0,y)

y = 10
2y = 20

2y − 24 = − 4

∴ y − coordinate = 10

22. SPMRSM 2019 (no. 8/P2)
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∴ y = −
x2

4
+ 16

22. SPMRSM 2019 (no. 8/P2)

y = ∫ −
x
2

 dx

dy
dx

= −
1
2

x

(a) (ii) equation of the curve

y = −
1
2 ∫ x dx

y = −
1
2 ( x2

2 ) + c

y = −
1
4

x2 + c →  ;  P(4,12)

12 = −
1
4

(4)2 + c

c = 16
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∴ k = 11

k = 21 ,  k = 11
(k − 21)(k − 11) = 0
k2 − 32k + 231 = 0
2k2 − 64k + 462 = 0
50 = 512 − 64k + 2k2

50 = [1024 − 2(256)] − [64k − 2k2]
50 = [64y − 2y2]16

k

22. SPMRSM 2019 (no. 8/P2)

x2 = 64 − 4y
y = −

x2

4
+ 16

b) V = ∫
16

k
πx2 dy

50π = π∫
16

k
(64 − 4y)  dy
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dy
dx

= 4 − 2h

At point Q(h ,  4h − h2)

dy
dx

= 4 − 2x

a) y = 4x − x2

y − (4h − h2) = (4 − 2h)(x − h)
y − y1 = m(x − x1)
Equation of tangent at Q(h ,  4h − h2)

∴  h = 3
h = 1 ,  h = 3
(h − 1)(h − 3) = 0
h2 − 4h + 3 = 0
5 − 4h + h2 = 8 − 4h − 4h + 2h2

∴ 5 − (4h − h2) = (4 − 2h)(2 − h)
∵ tangent passes through P(2, 5)

23. SPM 2019 (no. 4/P2)
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=
1
3

= 4 −
11
3

= 4 − [9 −
16
3 ]

= 4 − [(2(9) − 9) − (2(4) −
8
3 )]

= 4 − [ 4x2

2
−

x3

3 ]
3

2

23. SPM 2019 (no. 4/P2)

= [ 1
2

× (5 + 4h − h2) × 1] − ∫
3

2
y dx

= Area of Trapezium − Area under curve

b) Area of Shaded region

= [ 1
2

× (5 + 3)] − ∫
3

2
(4x − x2)  dx
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